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A Flow Approach to Bankruptcy Problems
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Abstract In this note we represent a classical bankruptcy problem as a standardflow problem
on a simple network and implement some known division rules from the bankruptcy literature
via suitable cost functions in the related minimum cost flow problem.
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1. Introduction

A classical bankruptcy problem arises from a situation where some agents have claims
on the available estate to be divided among them such that each agent may receive a
nonnegative amount that cannot exceed his or her claim. Several division rules have
been introduced to solve the classical bankruptcy problem and some extensions or
generalizations of it. There is a huge literature on bankruptcy problems and related
division rules. Here we mention the papers by O’Neill (1982), Aumann and Maschler
(1985), Curiel, Maschler and Tijs (1987), Young (1987, 1994, 1998), Kaminski (2000),
Borm, Hamers and Hendrickx (2001), Herrero and Villar (2001) and Thomson (2003).
The area of applications of bankruptcy problems is impressively large, including differ-
ent real life problems for which a bankruptcy-like approachhas been proved beneficial.

In this note we represent the classical bankruptcy problem as a standard flow prob-
lem where each feasible monetary flow corresponds then to a possible solution of the
bankruptcy problem.

A standard flow problem arises from a flow situation which is modeled as a network
with two special nodes, the source and the sink, and on whose arcs there are capacity
restrictions. In the case of a standard flow problem the main interest is in a maximal
flow through the network from source to sink. A min cost flow problem arises from a
standard flow situation where on each of the arcs there is alsoa cost function besides
the capacity restrictions and each node has a demand or a supply. In a min cost flow
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problem the main interest is a cheapest flow through the network, satisfying both the
capacity constraints on the arcs and the demand or supply of the nodes. To get insight
into the question how a min cost flow problem can be solved we refer the reader to
Ahuja et al. (1993).

By defining a suitable min cost flow problem to represent a bankruptcy problem
we can drive the solution of a standard flow problem towards a particular solution of
the related bankruptcy problem. We provide different cost functions associated to the
minimum cost flow problem such that the solutions coincide with the most well known
solutions for bankruptcy problems.

The outline of this note is as follows. In Section 2 we introduce the representation
of a classical bankruptcy problem as a standard flow problem and implement some
division rules from the bankruptcy literature via related min cost flow problems. We
conclude in Section 3.

2. Bankruptcy rules via min cost flow problems

A classical (one-claim) bankruptcy problem arises from a situation where an estateE
has to be divided among several claimants, each of them with aclaim on the estate,
and the total claim exceeds the available estate. The setN of claimants is of the form
{1,2, ...,n}. Each claimanti ∈ N advances one claimci on the estateE. A bankruptcy
problem is an ordered triplet(N,E,c) whereE ∈R+,c∈R

n
+ andE ≤ c1+c2+ ...+cn.

A solution of a bankruptcy problem is a vectorx = (x1,x2, ...,xn) such that:

0≤ xi ≤ ci , for eachi ∈ N,
n

∑
i=1

xi = E,

wherexi can be interpreted as the part of the estateE assigned to claimanti. In this
section we represent a classical bankruptcy problem as a standard flow problem.

Figure 1. Standard flow problem
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In a standard flow problem there is a network with two special nodes, the source and
the sink, the first with no entering arcs and the latter without outgoing arcs. The arcs
have minimal and maximal capacity constraints. A flow is a function that assigns a
nonnegative real value to each arc, respecting the capacityconstraints and such that for
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each node different from the source and the sink the sum of thevalues for the entering
arcs equals the sum of the values for the outgoing arcs. Figure 1 shows a graphical
representation of a standard flow problem, wheres andt are respectively the source
and the sink and the notationa/b on the arcs stands formin capacity/max capacity.

A classical bankruptcy problem can be easily represented asa standard flow prob-
lem by constructing a network like in Figure 2.

Figure 2. Classical bancruptcy problem
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Here the source of the monetary flow corresponds to the bankrupt agent or company
and the sink corresponds to the group of claimants, each one being associated to one of
the arcs entering the sink. An immediate advantage of such a representation is that each
feasible monetary flow corresponds to a solution of the bankruptcy problem(N,E,c).
The simplicity of the resulting network problem allows us tomanage also complex and
sophisticated solutions.

Further, we relate a pair consisting of a classical bankruptcy problem(N,E,c) and
a division rulef to a min cost flow problem.

A division rule is a functionf which assigns to any bankruptcy problem(N,E,c) a
vector f (N,E,c) ∈ R

n that is a solution of the bankruptcy problem. Well known divi-
sion rules which we use in this note are: the proportional rule (PROP), the constrained
equal award rule (CEA), the constrained equal loss rule (CEL), the Talmudic rule (TAL)
and the adjusted proportional rule (APROP).

We start by briefly describing these rules:

(i) The i-th coordinate ofPROP(N,E,c) is given by

PROPi(N,E,c) =
(

∑
j∈N

c j
)−1

ciE, i ∈ N.

(ii) The i-th coordinate ofCEA(N,E,c) is given by

CEAi(N,E,c) = min{ci ,α}, i ∈ N,

whereα is the unique real number such that∑i∈NCEAi(N,E,c) = E.

(iii) The i-th coordinate ofCEL(N,E,c) is given by

CELi(N,E,c) = max{ci −β ,0}, i ∈ N,

whereβ is the unique real number such that∑i∈NCELi(N,E,c) = E.
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(iv) The i-th coordinate ofTAL(N,E,c) is given by

TALi(N,E,c) =























CEAi
(

N,E, c
2

)

if E < 1
2 ∑ j∈N c j

ci −CEAi
(

N,E′, c
2

)

if E ≥ 1
2 ∑ j∈N c j

, i ∈ N,

whereE′ = ∑ j∈N c j −E.

(v) The i-th coordinate ofAPROP(N,E,c) is given by

APROPi(N,E,c) = mi(N,E,c)+PROPi(N,E′,c′), i ∈ N,

wheremi(N,E,c) = max
{

0,E−∑ j∈N\{i} c j
}

is the minimal right of claimant
i ∈ N, E′ = E−∑ j∈N mj andc′i = min{E′,ci −mi(N,E,c)}, i ∈ N.

The main aim of this note is to show that various division rules from the bankruptcy
literature can be “implemented” via suitable cost functions of the corresponding min
cost flow problem. Moreover, different priorities or rightsof the claimants may be
tackled using suitable cost functions on the arcs.

We start with a general description of a natural procedure for obtaining the cost
functions of a min cost flow problem such that the generated solution coincides with the
solution obtained by using a specific division rule from the bankruptcy literature. Our
procedure is based on the fact that it is possible, by assigning suitable cost functions
k1,k2, ...,kn on the arcs, to drive the flow in a min cost flow problem towards solutions
arising from specific bankruptcy rules. The inspiration source has been the hydraulic
model of Kaminski (2000), where the potential induced by thegravity force allows
water to suitably fill the vessels whose form and configuration depend on the specific
division rule. In our min cost flow situation the task of dividing the estate according to
a given bankruptcy rule is fulfilled by endowing the arcs of the network with the right
cost functions.

Given claims c1, ...,cn, for each E∈ [0,∑i∈N ci ] let a bankruptcy rule assign
r1(E), ..., rn(E) to the claimants. Then a Lagrangian analysis implies that wehave to
take the cost functionsk1,k2, ...,kn such that

k′i(r i(E)) = k′n(rn(E))

for eachi ∈ N and eachE ∈ [0,∑i∈N ci ].
Let s= rn(E); thenr i(E) = r i(r−1

n (s)) = pi(s) and, consequently,k′i(pi(s)) = k′n(s),
i = 1, ...,n−1. Now, assuming thatp′i(s) 6= 0 for eachi ∈ N, we obtain for eacht the
relation

∫ t

0
k′n(s) ds=

∫ t

0
k′i(pi(s)) ds=

∫ t

0

k′i(pi(s))p′i(s)
p′i(s)

ds=
∫ pi(t)

0

k′i(u)

p′i(p−1
i (u))

du,

whereu = pi(s). Note that these integrals relate the various cost functions.
Based on the above described procedure we have Theorem 1.
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Theorem 1. Let(N,E,c) be a classical bankruptcy problem. The division rules PROP,
CEA, CEL, TAL and APROP can be implemented via a min cost flow problem.

Proof. We only give for each rule a set of suitable cost functions which have been
obtained by applying the procedure described in this section.

(i) PROP: ki(xi) =
x2

i

ci
, i ∈ N.

(ii) CEA: ki(xi) = x2
i , i ∈ N.

(iii) CEL: ki(xi) = (ci −xi)
2, i ∈ N.

(iv) For the Talmudic rule we can distinguish among the two casesE < 1
2 ∑i∈N ci and

E ≥ 1
2 ∑i∈N ci . In the first case we have

TAL: ki(xi) = x2
i , i ∈ N,

setting the minimal capacity to 0 and the maximal capacity ofthe arcs corre-
sponding to the claimants to12ci instead ofci , i ∈ N.
In the second case we have

TAL: ki(xi) = (ci −xi)
2, i ∈ N,

setting the minimal capacity of the arcs corresponding to the claimants to1
2ci

instead of 0 and the maximal capacity toci , i ∈ N.

(v) APROP: ki(xi) =







0 if xi ≤ mi

(xi −mi)
2

c′i
if xi > mi

, i ∈ N. 2

Example 1. Consider the bankruptcy problem with N= {1,2};E = 10;c = (4,12).
The flow problems associated to the above five rules are depicted in Figure 3 (the nota-
tions for the arcs are “min capacity/max capacity” above thearc and “cost function”
below the arc). The cost functions used for the rule APROP are:

k1(x1) =







0 if x1 ≤ 0
x2

1

4
if x1 > 0

, k2(x2) =







0 if x2 ≤ 6
(x2−6)2

4
if x2 > 6

3. Concluding remarks

In this note we focus on the connection between (one-claim) bankruptcy problems
and flow problems. Here we go more deeply into this interesting connection than we
did previously (Branzei, Ferrari, Fragnelli and Tijs, 2004). The connection between
a classical bankruptcy problem and a flow problem can be extended by considering
more complicated settings from the bankruptcy literature.Multi-claim bankruptcy
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Figure 3. Flow problems associated to the division rules
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PROP: x∗ = (2.5,7.5)
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APROP: x∗ = (2,8)

problems (cf. Kaminski, 2000) are particularly interesting because different seniori-
ties of the claimants and the application of the absolute priority rule (or violations of
this rule) play a key role in the flow representation of such problems leading to more
sophisticated networks. Furthermore, the recent developments in the theory of inter-
val bankruptcy rules (cf. Branzei and Alparslan Gök, 2008; Branzei and Dall’Aglio,
2008; Branzei, Dall’Aglio and Tijs, 2008) provide incentives for extending our connec-
tion between classical bankruptcy problems and flow problems to interval bankruptcy
problems (cf. Branzei, Dimitrov and Tijs, 2003; Branzei andAlparslan G̈ok, 2008).

The representation of a bankruptcy problem as a standard flowproblem can be also
helpful for generating solutions for extensions and/or generalizations of the classical
bankruptcy problems arising from various economic situations. In particular, the flow
approach may be useful for managing more complex situationsin which the bankrupt
firm faces its creditors by taking into account its debtors. In these situations other arcs,
each related to a debtor, may be added among the source and thesecond node.

We have shown that by a particular choice of the cost functions in a min cost flow
problem one can obtain the solution corresponding to a specific well known rule from

AUCO Czech Economic Review, vol. 2, no. 2 151



R. Branzei, G. Ferrari, V. Fragnelli, S. Tijs

the bankruptcy literature. Nevertheless, the metaphor of amin cost flow problem can
be helpful to “generate” new rules for rationing problems aswell and for managing
situations in which the claimant agents have different priorities or particular rights on
the existing estate. The first case may be managed using cost functions that assign
lower costs for higher priorities while for the second case asuitable minimal capacity
may be used for representing the rights of the agents.
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