
AUCO Czech Economic Review 4 (2010) 236–262
Acta Universitatis Carolinae Oeconomica

Received 25 May 2009; Accepted 10 February 2010

Keynesian Macrodynamics: Convergence, Roads to
Instability and the Emergence of Complex Business
Fluctuations

Carl Chiarella∗, Hing Hung∗, Peter Flaschel∗∗

Abstract We reformulate the traditional AS-AD growth model, with a Taylor policy rule re-
placing the conventional LM-curve. The essential features of the model are gradually adjusting
wages and prices, perfect foresight on current inflation rates and an adaptive revision of the in-
flationary climate in which the economy is operating. We compare this approach with the New
Keynesian approach with staggered price and wage setting and find that whilst both approaches
have common components, they have radically different dynamic implications due to the treat-
ment of the forward-looking part of our wage-price spiral. We show that an estimated version
of our model implies local asymptotic stability, due to stable interaction of goods market dy-
namics with the interest rate policy rule of the central bank, and due to a normal working of a
real-wage feedback chain. These results are however endangered when there is a global floor to
money wage inflation rates, leading in fact to economic breakdown. In this latter case, the return
of some money wage flexibility in deep depressions is of help in restoring the viability of the
model, thereby avoiding explosive dynamics and the collapse of the economy.

Keywords Keynesian dynamics, wage and price Phillips curves, persistent business cycles,
complex dynamics
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1. Introduction

In this paper we present the analysis of an empirically motivated model of D(isequili-
brium)AS-D(isequilibrium)AD type. Its origins as far as the considered wage-price
spiral is concerned date back to the paper of Chiarella and Flaschel (1996). The wage-
price mechanism has been extended and studied in detail, from the analytical as well
as from the quantitative perspective, in Chiarella et al. (2005). The results obtained
in Chiarella et al. (2005) and which we extend in the present paper for the postulated
wage-price dynamics, augmented by a (partly) conventional Keynesian goods market
dynamics, Okun’s law and a conventional type of a Taylor interest rate policy rule stand
in striking contrast—despite formal similarities—to the ones obtained from the com-
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parable New Keynesian macrodynamics which assumes a staggered wage and price
setting. We use estimated parameter sets to study the stability features of our model
numerically as well as analytically. The convergence properties that we obtain in this
way are however, by and large, due to the linear version of the estimated DAS-DAD
system, since the employed time series are bounded and therefore cannot generate and
observe locally explosive behavior which becomes bounded through the establishment
of behavioral changes when the system departs too much from the balanced growth
path of the model.

These convergence properties will disappear (in the downward direction) when this
model type is enhanced by downward money wage inflexibility, as observed by Hoogen-
veen and Kuipers (2000) for six European countries, since our estimated DAS-DAD
model is profit-led (where real wages increases are contractionary due to a dominance
of investment over consumption). In a profit-led economy with downwardly rigid
wages and (maybe only sluggishly) falling prices, it turns out that in a depressed situa-
tion real wages must increase, a fact which makes the ongoing depression ever deeper,
until the economy either collapses or undergoes a significant change in behavior.

We also consider the case in which the economy is wage-led (where real wages in-
creases are expansionary due to a dominance of consumption over investment), where
therefore increasing wage flexibility is bad for economic stability, since booms will
tend to produce real wage increases which further stimulate the economy under such a
regime. The same accelerator mechanism is of course then also working in a downward
direction, but can obviously (from a partial perspective) be stopped if there are floors to
money wage deflation. In a wage-led regime a kink in the money wage Phillips curve
therefore can limit the purely explosive behavior that exists in the unrestricted case and
can indeed be shown to lead—even in a fairly advanced five dimensional system—to
bounded and in fact economically viable dynamics.

These dynamics moreover will be of a complex type if the unrestricted dynamics
becomes explosive enough around the steady state. Our model is thus able to gener-
ate, quite naturally and without the imposition of economically unrealistic parameter
values, the types of complex economic behavior that has been written about (among
others Rosser 1999, 2000).

We thus find interesting dynamical features in an advanced Keynesian aggregate
supply/aggregate demand model with sluggish price, wage and output adjustments that
allow for convergence results (in particular for an estimated version of the model)
and thus for considerations that relate to the Frisch paradigm in business cycle theory.
However, not unrelated to the estimated sizes of parameter values, we can also find sit-
uations where endogenously generated irregular business fluctuations are observed,
which in our view confirm (though with time-invariant parameters still), the cycle
theory advanced in Keynes’ (1936) General Theory, which we would characterize as
an anti-Frisch or more aptly as a Keynesian paradigm.

The paper develops as follows. In Section 2 we introduce the basic relationships of
our Disequilibrium Aggregate Supply – Disequilibrium Aggregate Demand model and
derive its reduced form dynamics. In Section 3 we provide an estimated version of the
model, obtained in earlier work. We then simulate the model to gauge its response to
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positive real wage shocks. We also carry out an eigenvalue analysis around the steady
state of the model in order to determine which parameters are most likely to be desta-
bilizing. Section 4 discusses the stability properties of the model and proves a number
of propositions about the stabilizing/destabilizing tendencies of various parameters. In
Section 5 we introduce a mid-range downward wage rigidity and discuss its role in
stabilizing the model when it is subject to explosive fluctuations. Section 6 gives fur-
ther simulations of the model with parameters chosen close to those of the estimated
model, but now allowing a situation in which wage flexibility with respect to demand
pressure is destabilizing. By analyzing phase plane projections and bifurcation dia-
grams we show how the dynamics can easily become complex. Section 7 draws some
conclusions.

2. Baseline DAS-DAD macrodynamics

In this section we reconsider a model of the D(isequilibrium)AS-D(isequilibrium)AD
variety, introduced in Chen et al. (2006) as an empirically motivated reformulation
of a baseline model of the Keynesian D(isequilibrium)AS-AD variety investigated in
Asada et al. (2006). These model types can be characterized as matured redesigns
of the standard model of the old Neoclassical Synthesis and will be contrasted with
the corresponding model type of the now fashionable New (Keynesian) Neoclassical
Synthesis. In our baseline models (with their dynamic or static formulations of goods
market behavior) we avoid the logical inconsistencies of the old Neoclassical Synthe-
sis, described in detail in Asada et al. (2006). Basically this is achieved by formulating
a wage-price spiral mechanism consisting of a money wage Phillips curve (WPC) and a
price Phillips curve (PPC) that at first sight look very similar (from the formal perspec-
tive) to the wage-price dynamics of the New Keynesian model, when both staggered
prices and wages are considered in the latter approach.

In our first formulation of the wage-price spiral in Chiarella and Flaschel (1996),
we saw qualitatively the same variables and the same parameter signs on the right-hand
sides of the two Phillips curves (PC’s) as far as the dependence of wage and price in-
flation on output and wage gaps are concerned. But in that earlier work on Keynesian
macrodynamics, hybrid inflationary expectations formation for the accelerator terms
were always used. Here in our formulation of wage and price inflationary expectations
formation, we have on the one hand myopic perfect foresight, not as in the case of
the New Keynesian wage-price dynamics on the own one-period-ahead rate of infla-
tion (a self-reference mechanism), but rather with respect to other rates of inflation (a
hetero-reference mechanism), as seems appropriate when one speaks of cost-pressure
items in the tradition of mainstream Phillips curve formulations. Due to this cross-over
structure in the myopic perfect foresight component of the PC accelerator terms we can
furthermore assume a neoclassical dating of these expectations, meaning thereby that
time indices of inflation rates are the same on both sides of these two PC’s, whereas the
New Keynesian Phillips Curves use the current rate and the one-period-ahead wage in-
flation (or price inflation) rate on the left- and right-hand sides of their staggered wage
(respectively price) adjustment rules. In addition, in our formulation we always include
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backward looking expectations, but interpret such (adaptively updated) expectations as
an inflationary climate expression, which agents form in addition to their correct my-
opic expectations in order to also take into consideration the inflationary regime into
which current inflation is embedded.

In comparison to the New Keynesian wage-price dynamics, see Woodford (2003)
for example,1 that may be written as

d lnwt = Et(d lnwt+1)+βwyyt −βwω lnωt , (1)
d ln pt = Et(d ln pt+1)+βpyyt +βpω lnωt .

We instead make use of the following representation of a Keynesian wage-price spiral
(however still using the New Keynesian measures for the output and the wage gap):

d lnwt+1
WPC= κwEt(d ln pt+1)+(1−κw)πc

t +βwy lnYt −βwω lnωt , (2)

d ln pt+1
PPC= κpEt(d lnwt+1)+(1−κp)πc

t +βpy lnYt +βpω lnωt ,

where w denotes nominal wage, ω real wage, and p price. The κw, κp, βwy, βwω , βpy,
βpω are parameters and πc denotes an inflationary climate variable, here updated by a
standard adaptive expectations process in order to simplify the analysis of the model.
Apart from the expectations expressions we thus have the same formal structure in
these wage-price dynamics as in the New Keynesian formulation. Expectations in our
formulation are now based on weighted averages of corresponding cost pressure terms,
combining myopic perfect foresight with sluggishly adjusting inflation regime expec-
tations. Besides the significantly different way of treating forward- and backward-
looking expectations just discussed, the difference between the New Keynesian and
our approach lies in different microfoundations of the wage and price PC’s, based on
what has been shown in Blanchard and Katz (1999). Reformulated in a deterministic
continuous-time framework, the New Keynesian wage-price dynamics (1) read

π̇
w =−βwyy+βwω θ , π̇

p =−βpyy−βpω θ , (3)

where πw and π p denote the wage and price inflation rates, respectively, and θ = lnω .
Reformulating our approach (2) in continuous time—now specifically in terms of the
employment rate e on the labor market and the capacity utilization rate u on the market
for goods (so that the coefficients βwy, βpy reappear as βwe, βpu) then gives rise to:2

ŵ = π
w = βwe(e−1)−βwω lnω +κw p̂+(1−κw)πc, κw ∈ (0,1), (4)

p̂ = π
p = βpu(u−1)+βpω lnω +κpŵ+(1−κp)πc, κp ∈ (0,1). (5)

One difference between our approach and that of the New Keynesians to wage price
dynamics therefore is that we use on the left hand sides inflation rates ŵ, p̂ for wage and
1 We set yt = lnYt the log of current output and d the backward difference operator. Note also that we ignore
in these equations the discount parameter β ≤ 1 (β ≈ 1) of the New Keynesian approach by setting it equal
to one for expositional simplicity.
2 We set x̂ = ẋ/x the growth rate of a variable x. Note also, that—as in the New Keynesian approach—we
have normalized steady state rates to 1.
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price inflation in place of their time rate of change. Another important difference is that
we use two measures for the output gap, one relating to the labor market (the deviation
of the rate of employment from the NAIRU rate of employment e = 1) and one relating
to the goods market (the deviation of the rate of capacity utilization of firms from their
intended normal rate of capacity utilization u = 1). Furthermore in both the WPC and
the PPC there appear weighted averages for the cost-pressure measures of both workers
and firms, based on myopic perfect foresight and on our concept of an inflation climate
variable πc. Due to these difference in wage and price inflation formation, we do not
get the sign reversal in front of the output and wage gaps that is typical for the New
Keynesian approach to wage and price dynamics.

The WPC has been microfounded in Blanchard and Katz (1999) from the perspec-
tive of current theories of the labor market. Note that the log that appears in the formal
representation of our WPC is not due to a loglinear approximation of the originally
given structural equation, but instead results (see Blanchard and Katz 1999) from a
growth rate reformulation of a bargained real-wage wage curve initially represented in
level form. For the PPC a formally similar procedure is available, based on an elabo-
rate approach to flexible markup pricing. The two PC’s can be considered as a linear
system of equations in the variable ŵ− πc, p̂− πc that can be easily solved, giving
rise thereby to the law of motion (9) for the real wage ω = w/p and the reduced form
price PC (11). Together with the law of motion for the inflationary climate expression
(10) we therefore obtain all together three laws of motion that describe the Disequilib-
rium adjustment of Aggregate Supply of our model (the DAS-component) as is shown
below.

The Disequilibrium AD part of the model (the DAD component) is here still of
a simple type, consisting of a dynamic multiplier equation (6) in terms of the rate of
capacity utilization u, whose rate of growth is assumed to depend negatively on its
level u (as in the simple textbook multiplier story), as usual on the (here actual) real
rate of interest r− p̂ and (with ambiguous sign) on the real wage, which measures the
impact of income distribution on the determination of aggregate demand and resulting
output adjustments. We call a regime where −αuω applies a profit-led regime and
the opposite case a wage-led regime, characterizing in this way the situations where
investment dominates consumption with respect to real wage changes and vice versa.

In addition to the law of motion for the rate of capacity utilization, we assume
that the rate of employment e is obeying some sort of Okun’s law, following the rate
of capacity utilization with a time delay as shown in equation (7). We finally have a
standard form of a Taylor interest rate policy rule (8), including however interest rate
smoothing, in order to close the model. Note that parameter values are indexed in a
way similar to the notation used in input-output tables and that all equations have been
expressed in linearized form around their steady state values, which are here supplied
from the outside and thus exogenously given. Taken together the dynamic DAS-DAD
macromodel, with real wage dynamics now in the place of the nominal WPC and PPC,
thus consists of the following five laws of motion (note that all parameters are positive),

û =−αuu(u−1)−αur((r− p̂)− (ro− π̄))±αuω lnω, (6)

ê = βeu(u−1)+βeûû, (7)
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ṙ =−γrr(r− ro)+ γrp(p̂− π̄)+ γru(u−1), (8)

ω̂ = κ[(1−κp)(βwe(e−1)−βwω lnω)− (1−κw)(βpu(u−1)+βpω lnω)], (9)

π̇
c = βπc(p̂−π

c), (10)

which represent respectively the IS-dynamics, Okun’s Law, the Taylor Rule, the dy-
namics of income distribution or of the real wage, and the updating of the inflationary
climate expression. Since steady state values are here parameters of the model we
assume for reasons of numerical simplicity that they are given by 1 in the case of uti-
lization rates and real wages and—from an annualized perspective—by 0.1 and 0.02
as far as the steady state rate of interest and the inflation target of the central bank are
concerned.

We have to use in addition the following reduced form expression for the price
inflation PC,3

p̂ = κ[βpu(u−1)+βpω lnω +κp(βwe(e−1)−βwω lnω)]+π
c, (11)

which has to be inserted into the above laws of motion in various places in order to
obtain an autonomous system of differential equations in the state variables: capacity
utilization u, the rate of employment e, the nominal rate of interest r, the real wage
rate ω , and the inflationary climate expression πc. We have written the laws of motion
in an order that first presents the dynamic equations also present in the baseline New
Keynesian model of inflation dynamics, and then the extension with our dynamics of
income distribution and the inflationary climate in which the economy is operating.
This modification and extension of the baseline DAS-AD model of Asada et al. (2006)
goes beyond this earlier approach to the extent that it now also allows for positive
effects of real wage changes on aggregate demand (so-called wage led regimes), not
yet present in the AD component of our original modification of the conventional AS-
AD dynamics (which was always profit-led, due to the lack of an effect of income
distribution on households’ consumption).

When later comparing this model of DAS-DAD dynamics with its New Keynesian
counterpart we will find from the theoretical and empirical perspective that the laws
of motion of the DAS-DAD model imply damped oscillations if the inflation climate
is adjusting sufficiently sluggishly and if price inflation rates respond sluggishly to
the excess demand on the market for goods, while the New Keynesian version is no
longer determinate in the case of staggered wage and price adjustment even for active
monetary policy rules (as was the case for its baseline version). The New Keyne-
sian variant therefore needs at the least more advanced Taylor interest rate rules than
the conventional one, in order to get determinacy and thus unique responses to dis-
turbances of its deterministic core dynamics. The DAS-DAD dynamics, by contrast,
can become explosive if inflationary climate expectations (or even price inflation itself)
are adjusting too fast. The resulting unboundedness must then be tamed by assuming
behavioral nonlinearities at least far off the steady state that then limit the explosive

3 The reduced form expression for the wage inflation PC reads: ŵ = κ[βwe(e−1)−βwω lnω +κw(βpu(u−
1)+βpω lnω)]+πc.
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nature of the dynamics such that they become bounded and thus economically viable.
Strategies for finding meaningful trajectories for the New Keynesian and our matured
Keynesian macrodynamics therefore differ radically from each other. They also have
different implications with regard to the underlying paradigms of Frisch and Keynes,
characterized by persistently shocked shock absorbers on the one hand and endoge-
nously created business fluctuations (locally explosive dynamics – under certain side
conditions on adjustment speeds—tamed by behavioral nonlinearities far off the steady
state) on the other hand.

3. Simulating an estimated version of the model

The model (6)–(10) has been estimated for the U.S. economy (1965/1–2000/3) in Chen
et al. (2006) with the following result for parameter values, obtained from a two-stage
least-squares system estimate where the inflationary climate was measured by a twelve
quarter moving average with linearly declining weights denoted by π12

t :

d lnut+1 = −0.014ut −0.94(rt −d ln pt+1)−0.54lnωt +0.12,

d lnet+1 = 0.18d lnut+1 [ or in integrated form: et = u0.18
t ],

rt+1 = 0.92rt +0.06d ln pt+1 +0.01ut −0.01,

d lnwt+1 = 0.13et −0.07lnωt +0.49d ln pt+1 +0.51π
12
t −0.12,

d ln pt+1 = 0.04ut +0.05lnωt +0.18d lnwt+1 +0.82π
12
t −0.04.

We have now one law of motion less than before, since the adaptive expecta-
tions mechanism (10) for the inflationary climate has been replaced here by a mov-
ing average expression, which—when translated back into such a mechanism—gives
rise to an adjustment speed of approximately βπc = 0.15 in the law of motion for
the inflation climate πc. Taken together we therefore obtain the numerical speci-
fication (12)–(15) below for the reduced form 4D dynamics of Chen et al. (2006),
where the measured form of Okun’s law et = uβeû

t = u0.21
t has been linearized around

the steady state and used to eliminate et , and where the two linear structural equa-
tions for d lnwt+1− π12

t ,d ln pt+1− π12
t have been solved and substracted from each

other in order to obtain the law of motion for d lnwt+1 − π12
t − (d ln pt+1 − π12

t ) =
d lnwt+1−d ln pt+1 = d lnωt+1, solely as a function of the capacity utilization rates of
firms and of workers and the current level of the real wage. The estimated system can
thus be written:

d lnut+1 = −0.14ut −0.94(rt −d ln pt+1)−0.54lnωt +0.12 (12)
rt+1 = 0.92rt +0.06d ln pt+1 +0.01ut −0.01, (13)

d lnωt+1 = −0.002ut −0.089lnωt +0.061, (14)
dπ

c
t = 0.15(d ln pt+1−π

c
t ). (15)

In order to get an autonomous system of difference equations in the state variables
(capacity utilization ut , the nominal rate of interest rt , the real wage rate ωt , and the
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inflationary climate expression πc
t ) we have to insert into (12) and (13) the reduced

form expression

d ln pt+1 = κ[βpu(ut −1)+βpω lnωt +κp(βwe(et −1)−βwω lnωt)]+π
c
t ,

for the PPC, which here simplifies to the expression

d ln pt+1 = 0.08ut +0.03lnωt +π
c
t −0.066, (16)

when use is made again of Okun’s law linearized around its steady state value 1. As
noted, we have also made use of Okun’s law in integrated form in the law of motion
for real wages, see (9), which when inserted into it gives the parameter α = κ[(1−
κp)βweβeû−(1−κw)βpu], in front of the rate of capacity utilization ut (by which et has
been replaced in the demand pressure term of the WPC). This parameter α is the critical
condition for the working of the so-called Rose- or real-wage-effect, since when α is
positive it states that real wage growth is positively correlated with economic activity
and thus—due to the estimated form of the goods market dynamics, (in the process
situation the law of motion for the rate of capacity utilization)—negatively responds
to its level with a time delay, if this law of motion for u is also taken into account.
Due to these two laws of motion and the size of their estimated coefficients, the role
of income distribution in the fluctuations generated by the model does not appear to be
an important one as far as the AD side of the model is concerned, since the aggregate
influence of the rate of capacity utilization on real wages is a weak one (due to the
estimated form of Okun’s law). Note however that although it may be weak, this
feedback chain from real wage changes via capacity utilization changes back to real
wage changes is a destabilizing one.

The estimated system (12)–(16) however shows that from the partial perspective
this destabilizing crossover feedback channel between real wage changes and rates of
capacity utilization changes may be stabilized by the Blanchard and Katz error cor-
rection terms in the law of motion for real wages (though this latter effect concerns
the trace of the Jacobian, while the former crossover effect concerns their minors of
order two). Note however, that the dynamics of income distribution are here embedded
in a framework with estimated parameter sizes that are held constant over the whole
observation period, so that income distribution here works in a Keynesian environment
with in particular rigid, and hence not systematically varying in time propensities to
consume and invest, in contrast to what has been suggested by Keynes (1936) in his
analysis of goods market dynamics in chapter 22. We therefore conclude that certain
business cycle generators (accelerators) are still absent from the considered dynamics
in their present form which implies that the implied phase length for the cycle will
exceed considerably those actually observed for the U.S. economy, as is indeed seen in
Figure 1.

We thus obtain from the reduced form representation (12)–(16) of our estimated
DAS-DAD dynamics the result that the growth rates of u and ω both depend nega-
tively in a cross-over fashion from each other, establishing a (weakly) destabilizing
feedback chain between capacity utilization and real wage dynamics, or an adverse
Rose-effect, if the parameters are taken just as estimated and confidence intervals still
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Note:Based on inflationary climate termsπc with linearly declining weights with m = 12,6,1quarter lengths.

Figure 1. Responses to positive real wage shocks for the three sets of estimated parameter values

neglected. This result is due to the fact that the apparently dominant effect of e on ω̂ is
significantly reduced by the weak link between the rate of employment (a stock ratio)
and the rate of capacity utilization (a flow ratio) established through our estimate of
Okun’s law.

Besides the Rose-effect we have the usual rate of interest channel in the law of mo-
tion for the rate of capacity utilization, whereby the central bank policy can influence
the economy in a stabilizing fashion, which in fact is a substitute for the conventional
Keynes-effect, but whereby also the destabilizing Mundell-effect comes into being.
This latter effect establishes a positive link between the rate of capacity utilization and
its rate of change, since the real rate of interest depends negatively on the inflation rate
and thereby also negatively on the rate of capacity utilization. However, since we have
estimated that the parameter βpu is likely to be very small (implying that there is not
a strong dependence of price inflation on demand pressure in the market for goods),
the destabilizing Mundell-effect will be relatively weak, despite a significant negative
dependence of the growth rate of economic activity on the real rate of interest.

We have furthermore from the partial perspective a stable dynamic multiplier and
(as already noted) a stabilizing influence of real wages on their rate of change, estab-
lished by the Blanchard and Katz (1999) error correction terms in the wage and price
Phillips curves. There is finally a positive link between changes in the inflation climate
and the rate of capacity utilization, since the rate of price inflation and thus the infla-
tionary climate depend positively on the rate of capacity utilization and since (again via
the real rate of interest channel) the rate of change of the capacity utilization of firms
depends positively on the inflation climate surrounding the current evolution of the eco-
nomy (see the reduced form (16) for the PPC as well as equations (15) and (12)). This
supplements the finding that an increase in the reaction of wage inflation to demand
pressure should contribute to stability, while the opposite is true for an increase in the
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reaction of price inflation to their measures of demand pressure. Of course, all these
statements are only partial in nature and may be falsified as intuitive guidelines for the
systems’ (in)stability if the eigenvalues of the Jacobian of the full dynamical system
are calculated numerically, since all these feedback chains only appear in part of the
minors that are to be considered in the Routh-Hurwitz conditions for local asymptotic
stability.

It has been established in Chen et al. (2006), see also the next section, that the
estimated sign structure always implies local asymptotic stability of the steady state if
the reaction of price inflation to demand pressure is sufficiently small, if the inflation-
ary climate is updated sufficiently slowly and if interest rate smoothing is sufficiently
weak, but the reaction of the interest rate to inflationary gaps is sufficiently strong.
Taking everything together, we therefore should expect convergence back to the steady
state—in the case of a monetary policy that is sufficiently active when the considered
dynamics are simulated numerically and shocked out of their steady state position.

This is indeed the case as is shown in Figure 1 (for a monetary policy that is suffi-
ciently active) where we also show that this situation is not much changed if our twelve
quarter moving average representation of the inflation climate is modified towards a six
quarter moving average (again with linearly declining weights) and the model is rees-
timated. Similar observations also hold even in the case where only one quarter is
considered, that is when the inflation climate is just represented by the inflation rate of
the previous period as is usually the case in theoretical analyses of the New Keynesian
approach augmented with the treatment of hybrid expectations (to which the concept
of an inflation regime or climate is however then no longer associated).

We thus obtain as a first numerical result that the economy seems to be very robust
in the absorption of supply-, demand-side and policy shocks (if indeed the reaction of
the interest rate to the inflation gap is somewhat more active than estimated). In Fi-
gure 1 we exemplify this result through the application of a positive real-wage shock
(caused by an increase in money wages or a decline in the general price level). The
response is a significant decline in the rate of capacity utilization for approximately
three years and then a slow and overshooting recovery over the next seven years until
the economy starts converging back to its steady state position with more or less mild
fluctuations. This result holds unambiguously for the inflation climate expressions
π12

t ,π6
t ,π1

t discussed earlier. However the overshooting mechanism can be seen to be-
come the stronger the faster the inflationary climate adjusts to the short-run fluctuations
of the actual exchange rate.

It is somewhat perplexing to know from the theoretical analysis of the model that
it loses its stability by way of a Hopf bifurcation4 if the speed of adjustment of the
inflationary climate becomes sufficiently fast, and to find empirically that convergence
of the dynamics back to its steady state position is guaranteed even if only a one quar-
ter lag applies for the representation of the inflation climate (which is then literally
speaking no longer interpretable as a climate expression). We believe that this tension
is basically due to the fact that in our estimation we did not allow for nonlinear behav-
ioral relationships, a task that still remains to be undertaken. In view of the bounded

4 In the case where γrr < γrp holds; see our stability considerations below.
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Maximum Real Part of the Eigenvalues of the Jacobian at the Steady State:

βπ12 ∈ [0,2.2] βpu ∈ [0,0.22]

Maximum Real Part of the Eigenvalues of the Jacobian at the Steady State:Maximum Real Part of the Eigenvalues of the Jacobian at the Steady State:

βπ6 ∈ [0,2.2] βpu ∈ [0,0.22]

Maximum Real Part of the Eigenvalues of the Jacobian at the Steady State:
Maximum Real Part of the Eigenvalues of the Jacobian at the Steady State:

βπ1 ∈ [0,5.5] βpu ∈ [0,0.22]

Figure 2. Eigenvalue diagrams for varying values of βpu and βπ12 , βπ6 ,βπ1

fluctuations contained in the employed data set, it seems that the applied econometric
methodology (see Chen et al. 2006 for details) and the by and large linear structure of
the model basically prevent the establishment of dominant eigenvalues outside the unit
circle (or a dominant positive real part in the continuous-time version of the model).
The only weak evidence for an increased tendency towards instability is the increase
in volatility that is shown in Figure 1 when the time horizon in the formation of the
inflation climate expression becomes smaller and smaller. We note however again that
the reaction of the Central Bank to the inflation gap must be increased to a certain
degree as compared to the estimated value in order to remove a slightly positive real
eigenvalue from the simulated continuous time dynamics.

In the eigenvalue diagrams shown in Figure 2, we see that for γrr < γrp, we in
addition note the fact that the loss of stability by way of a Hopf-bifurcation (generally
leading to the death of an unstable limit cycle around a stable corridor of the dynamics
or the birth of a stable limit cycle after the loss of stability of the steady state) becomes
more and more delayed if we use the estimated parameters for the cases π12,π6,π1, in
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this order, as shown in the left hand panels of Figure 2. Faster and faster adjustment of
the inflationary climate expression in our continuous time version of the dynamics thus
does not lead to a decrease in the Hopf bifurcation point, but to its increase instead. We
note here that—due to the estimated form of Okun’s law we have that one eigenvalue
of the 5D dynamics must always be zero so that only the local instability range is
clearly shown in the eigenvalue diagrams in Figure 2. The increased tendency towards
instability, if we run through the sequence π12

t ,π6
t ,π1

t , can be mirrored by our estimated
models to a certain degree when we consider the same situation of a loss of stability
by way of the parameter βpu in the place of the parameter βπc as is shown in the
right hand panels of Figure 2. Here it is shown that the interval for this parameter
where stability prevails becomes smaller and smaller so that in the case of π1 we even
get loss of stability within the confidence interval for the estimated parameter. We
therefore find, even in the case where behavioral nonlinearities are ignored in theory
and in estimation, that the vulnerability of the dynamics towards the establishment
of explosive adjustment processes becomes larger the faster the inflation climate is
adjusting towards the actual course of price inflation.

In Chen et al. (2006) we found in addition that all partial feedback chains (including
the working of the Blanchard and Katz error correction terms) translate themselves into
corresponding ’normal’ eigenvalue reaction patterns for the full 5D dynamics (with
Okun’s law added in its estimated derivative form), with the exception of the speed
parameter βwe (the speed of adjustment of normal wages to the output gap in the labor
market) where the eigenvalue analysis has shown that increasing wage flexibility may
indeed become destabilizing if it is made very large. This provides one example of
the situation in which partial economic insight can be misleading due to the fact that
the corresponding feedback chain is only a small component of the many minors of
the Jacobian of the dynamics at the steady state that have to be investigated in the
application of the Routh-Hurwitz conditions to the full 4D dynamics (where Okun’s
law is applied in level form).

Increasing price flexibility has been found to be destabilizing, since the growth rate
ê of economic activity can thereby be made to depend positively on its level (via the real
rate of interest channel, see (6)), leading to an unstable augmented dynamic multiplier
process in the trace of the Jacobian J of the system under such circumstances. Fur-
thermore, such increasing price flexibility will give rise to a negative dependence of
the growth rate of the real wage on economic activity (whose rate of change in turn
depends negatively on the real wage) and will thus lead to further sign changes in
the Jacobian J. Increasing price flexibility is therefore bad for the stability of the
considered dynamics from at least two perspectives. Nevertheless for the model as es-
timated there seems to be no problem for the working of the economy, since economic
shocks may have long lasting consequences (due to our measurement of time-constant
parameters) when sufficiently large, but are always absorbed by the economy through
nearly monotonic adjustments, once the effect of the shock has become reversed.

The above impression may however be misleading if one further aspect of the func-
tioning of actual market economies is taken into account (to which attention has not
yet been paid in our estimation procedures). Hoogenveen and Kuipers (2000) have
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the estimated model 'dfp12' :

economic breakdown due to
a too low inflation target:

 

Figure 3. Downward money wage rigidity and too restrictive inflation targets

established for six European countries that money wages are not only completely rigid
downwards, but in fact exhibit a floor for their rate of growth, which is bounded from
below by a positive value. They basically therefore establish a kink in the WPC at pos-
itive rates of wage inflation. Chen and Flaschel (2005) do not find such a strong result
in the case of the U.S. economy, but find also at least some evidence that money wages
can be considered as being downwardly rigid. We thus now reconsider the above dy-
namical system for the new situation where wages can rise as specified, but cannot fall,
that is, we exclude wage deflation from consideration. In such a case we can estab-
lish the results shown in Figure 3 where the estimated model and its shock absorber
properties are repeated for the case π12 (with the inflation target of the central bank
still set at two percent and again we observe convergence, with greater of less volatility
depending on the values of γrp and γru).

However convergence is lost if monentary policy is tighter in its inflation target,
with the situation when π = 0.003 also illustrated in Figure 3 and for which we see
a radical change in the system’s behavior. Since money wages cannot fall and since
price can still fall in the depression generated by the assumed positive real wage shock,
though price flexibility was very sluggish, we find in such a situation that the real wage
must increase. This downward adjustment mechanism continues to work and it makes
the depression deeper and deeper until the economy breaks down, exemplified in Fi-
gure 3 by means of the evolution of the nominal rate of interest. There exists there-
fore a great danger for systems with profit-led goods market dynamics, since down-
ward price-flexibility coupled with downwardly rigid wages will then necessarily lead
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the economy into a deflationary spiral when deflation comes about through shocks or
other events. We also show in this figure how a more active interest rate policy with
respect to the inflation as well as the output gap can avoid such a breakdown if it is
set sufficiently strongly. However for our purposes here we only require a global floor
to the evolution of the money wage (or its inflation rate) to find that a situation that
initially appeared to be a very stable one without such a nonlinearity can turn out to
be disastrous for the economy. The question therefore is by which mechanisms such
a monotonic tendency towards more and more severe depressions can be stopped or
even reversed. This question will be further pursued after the following section which
is devoted to a stability analysis of the dynamics with the estimated parameter signs
and the theoretical occurrence of instability if a floor to money wage inflation is added
to the model.

4. Analyzing an estimated version of the model

Based on our estimates (12)–(15), the theoretical model (6)–(11) can now be simplified
to the following qualitative format (with b set equal to βeû for notational simplicity):

û =−αuu(u−1)−αur(r− p̂− (ro− π̄))−αuω lnω, (17)

ṙ =−γrr(r− ro)+ γrp(p̂− π̄)+ γru(u−1), (18)

ω̂ = κ[(1−κp)(βwe(ub−1)−βwω lnω)− (1−κw)(βpu(u−1)+βpω lnω)], (19)

π̇
c = βπc(p̂−π

c), (20)

p̂ = κ[βpu(u−1)+βpω lnω +κp(βwe(ub−1)−βwω lnω)]+π
c, (21)

where the p̂−equation has to be inserted again in some of the other equations in order
to arrive at an autonomous system of differential equations. Doing this, rearranging
items and linearizing around the steady state, then gives rise to:

û = −[αuu−κ(βpu +κpβweb)]u−αurr− [αuω −αurκ(βpω −κpβwω )]ω +αurπ
c + const

= −a1u−a2r−a3ω +a4π
c±ao,

ṙ = [γrpκ(βpu +κpβweb)+ γru]u− γrrr + γrpκ(βpω −κpβwω )ω + γrpπ
c + const

= +b1u−b2r±b3ω +b4π
c±bo,

ω̂ = κ([(1−κp)βweb− (1−κw)βpu]u− [(1−κp)βwω +(1−κw)βpω ]ω)]+ const

= +c1u− c3ω± co,

π̇
c = βπc κ[(βpu +κpβweb)u+κ(βpω −κpβwω )ω]+ const

= +d1u±d3ω±do,

where ao, bo, co and do subsume a number of constants.
Making use of our estimated parameter values we have assumed, on the one hand,

in the law of motion for the rate of capacity utilization u that the p̂u, p̂ω components
are dominated by the direct influences of u,ω on the growth rate of capacity utilization.
In the law of motion for real wages on the other hand, we assume however, by way of
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a slightly larger coefficient b, that the growth rate of real wages depends positively on
the rate of capacity utilization (i.e., that βwe is the dominant term in this respect). This
positive dependence may be a weak one, and also as before weakly negative, since
our estimate of Okun’s law implies in any case only a fairly weak impact effect of the
capacity utilization rate on the rate of employment. We thereby get a sign structure for
the partial derivatives of our dynamical system and thus its Jacobian J at the steady
state, of the form

J =


− − − +
+ − ± +
+ 0 − 0
+ 0 ± 0

 ,

where the ± items are solely due the two opposing real wage or Blanchard and Katz
error correction terms in the reduced form PPC.

Proposition 1. Assume that the sign structure of the matrix J applies and that its entry
J23 is sufficiently small. Then the steady state of the dynamics (17)–(20), with (21) in-
serted into them, is locally asymptotically stable, if the inflationary climate expression
πc is updated in a sufficiently sluggish way, and if γrr < γrp holds true.

Proof. Let us first consider the case in which βπc = 0 holds true. We consider the
submatrix J(3,3) for the remaining laws of motion, with J23 set equal to zero, which is
then given by

J(3,3) =

 − − −
+ − 0
+ 0 −

 .

The characteristic polynomial of this matrix is

p(λ ) = λ
3 + k1λ

2 + k2λ + k3, where k1 =−trace J(3,3), k3 =−detJ(3,3),

and it is easily shown to have only positive coefficients. Furthermore, the condition
k1k2− k3 > 0 is also fulfilled, since detJ(3,3) is completely dominated by the expres-
sions that make up the k1k2 term. We thus have that the Routh-Hurwitz conditions for
local asymptotic stability apply to the given situation, implying that the real parts of
the eigenvalues of this polynomial must all be negative.

Consider now the case βπc > 0. We find for detJ the sign structure

detJ = det


− − − +
− − 0 +
+ 0 − 0
+ 0 0 0

 = det


0 − 0 +
0 − 0 +
0 0 − 0
+ 0 0 0

 ,

which implies a positive determinant given our assumption on the parameters γrr and
γrp. Making the parameter βπm slightly positive moves the eigenvalues with three nega-
tive real parts and one zero eigenvalue slightly, such that they are now all in the negative
half plane of the complex plane (since eigenvalues depend continuously on the para-
meters of the model and since the determinant is the product of all four eigenvalues).
This implies the assertion of Proposition 1. �
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Proposition 2. Assume that the sign structure of the matrix J applies and that its entry
J23 is sufficiently small.

(i) Increasing the adjustment speed βpu,βwu to a sufficient degree gives rise to a
Hopf-bifurcation, via dynamic multiplier instability, where the system loses its
asymptotic stability either accompanied by the death of an unstable limit cycle
or the birth of a stable limit cycle.

(ii) Assume αur = 0 in which case (i) does not apply. Then, increasing the ad-
justment speed βpu to a sufficient degree again gives rise to a Hopf-bifurcation
towards the above type of instability, now via an adverse real wage adjustment
(an adverse Rose effect).

(iii) Increasing the adjustment speed βπc to a sufficient degree gives also rise to the
above type of a Hopf-bifurcation, now via an adverse real interest rate adjust-
ment (the so-called Mundell-effect).

Proof.

(i) In this case the entry J11, characterizing the overall effect of utilization changes
on the growth rate of capacity utilization, becomes positive and can be made as
large as needed in order to arrive at a positive trace of the matrix J. The Hopf-
bifurcation then occurs when k1k2− k3 becomes zero, which must be the case
before trace J = 0 is established.

(ii) In this case J11 remains negative, while J12J21 is zero. The only entry in the
coefficient k2 that then depends on the parameter βpu is then given by J13J31,
where J31 must become positive for increasing βpu, while J13 remains negative,
thereby establishing a positive feedback channel between capacity utilization
and real wages that makes k2 negative if βpu becomes sufficiently large. The
Hopf-bifurcation then occurs when k1k2− k3 becomes zero, which must be the
case before k2 = 0 is established.

(iii) Obviously, since the parameter βπc only appears in the product J14J41 which es-
tablishes a positive link between the evolution of the inflation climate πc and
capacity utilization u, the destabilizing Mundell-effect of conventional macro-
dynamic model building. �

Proposition 3. Assume that the sign structure of the matrix J applies. Assume fur-
thermore that monetary policy is impotent by setting αur = 0. Assume finally that the
negative Blanchard and Katz error correction mechanism in the real wage dynamics
is sufficiently weak (i.e., the term (1−κw)βpω is chosen sufficiently small). Then, the
steady state of the considered dynamical system is unstable in the downward direction,
if there is a global floor to money wage inflation at its steady state value, i.e., any initial
and contractive u or ω shock will then lead to an ever accelerating contraction of the
economy.

Proof. In the considered situation, the interacting dynamics are reduced to a 2D
dynamical system in the rates u and ω . This system exhibits a negative determinant of
its Jacobian at the steady state uo = 1, ωo = 1 and two 1D stable manifolds that cannot
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be reached by contractions in u or expansions in ω . This implies that such shocks
always lead to trajectories with a declining rate of capacity utilization along them. �

If monetary policy is only weakly influencing the private sector and if the Blan-
chard and Katz real wage error correction mechanism in the PPC is weak, then we
have that the reaction of price levels to their corresponding demand pressure item and
the missing reaction of wages in this regard will allow for an adverse adjustment, i.e.,
an increase in real wages that will lead the economy into deeper and deeper depres-
sions. The question then is whether interest rate effects in goods demand and interest
rate steering by the Central Bank can help to avoid such an outcome, since of course
the destabilizing Mundell effect will then also be back in the feedback interactions of
our economy, or whether monetary policy needs a systematic overhaul in a situation
where there is an adverse real wage effect at work. Our analytical findings in the esti-
mated situation thus are that the economy may work like a shock absorber for certain
ranges of its parameter values, but that this property may get lost in a variety of ways,
which then demand the introduction of further behavioral nonlinearities that can keep
the resulting dynamics bounded despite the existence of centrifugal forces around its
steady state position.

Our approach thus demands further behavioral nonlinearities in the case of ex-
plosive downward (or upward) business fluctuations, but not for the New Keynesian
imposition of a mathematical boundedness condition that—if determinate—keeps the
dynamics always on its stable arm, a result that is not at all in line with Keynes’ (1936)
own analysis of the trade cycle mechanism; see his Chapter 22 and the uses he makes
of his three central parameters, the marginal propensity to consume, the marginal ef-
ficiency of investment and the state of liquidity preference. However, concerning our
own approach, we find that the results on various degrees of downward money wage
rigidities do not unambiguously support Keynes’ view that workers’ resistance against
money wage reductions is always good for economic stability. Concentrating on mone-
tary policy solely, the question in our case is whether a policy rule can be found that can
tame the outbreak of accelerating downward or upward wage-price spirals and other
explosive feedback mechanisms, while in the New Keynesian case one has to modify
the dynamics such that there is a single bounded response in the considered 4D case or
in higher dimensions if interest rate policy gives rise to such an increase in dimension.

5. Midrange downward money wage rigidity

In this section we show by means of a numerical example that the problematic down-
ward rigidity of money wages may to some extent be needed in order to stabilize the
economy when it is subject to explosive fluctuations caused by an increase in the speed
with which the inflationary climate expression is adjusted. This rigidity should not
however be global in nature, but give way again to downward wage flexibility if the
rate of employment becomes sufficiently low. This particular, not implausible mix of
different wage inflation regimes may be surprising with respect to its stability implica-
tions, but comes at least not completely unmotivated, due to the fact that wage flexibil-
ity tends to be stabilizing and price flexibility destabilizing from the partial perspective
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of the real wage channel discussed above.

In order to formalize the envisaged three regimes of wage inflation needed for
our subsequent simulations we make use of the three alternatives shown in Figure 4
for our reformulation of the WPC, from which the dynamics of real wages and price
inflation in their reduced form presentation must now be derived. Underlying these
three situations is the assumption that wages behave as in the original model considered
in Sections 2 and 3 when their rate of change is above a certain floor f and when the
rate of employment is above a certain critical level e below which workers will again
accept faster decreases in their money wages than just the level f . Wage inflation is
in the latter case assumed to be driven by ŵ = βwe(e− 1)+ κw p̂ +(1−κw)πc, in the
place of the working of the Phillips curve in normal or overheated situations, ŵ =
βwe(e− 1)− βwω lnω + κw p̂ + (1− κw)πc. In between we will find—as stated—a
regime where wage inflation (or deflation) is just given by a rate f .

These three scenarios translate themselves into reduced-form real wage and price
level dynamics as follows, where we now denote by ŵred the reduced form money

Rigid Wage-Inflation
Regime

Unfolding
Depression

Flexwage-Inflation
Regime

Shifts with

Vertical Displacement
depending on
Union
Power

Shifts with
Shifts with

Vertical Displacement
depending on
Union
Power

Shifts with

Figure 4. Three possible regimes for wage inflation
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wage Phillips curve of the original model:

ŵred = κ[βwee−βwω lnω +κw(βpuu+βpω lnω)]+π
c.

If ŵred < f , e≥ e, then

ω̂ = (1−κp)( f −π
c)−βpuu+βpω lnω, (22)

p̂ = π
c +κp( f −π

c)+βpuu+βpω lnω. (23)

If ŵred ≥ f , e ≥ e, then the original dynamics (9), (11), applies while in all other
situations we have to apply the equations

ω̂ = κ[(1−κp)βwee− (1−κw)(βpuu+βpω lnω)], (24)
p̂ = κ[βpuu+βpω lnω +κpβwe(e]+π

c. (25)

The money wage behavior underlying these modified dynamics is summarized in
Figure 4. This situation represents an appropriate modification of Filardo’s (1998)
empirical analysis of such a type of Phillips curve, where however the price inflation
gap (with respect to expected inflation) is used on the vertical axis. There is thus some
evidence for such a three regime PC, though in a somewhat different context.

When one applies this type of nonlinear WPC to our semi-structural model in an-
nualized form, here from this perspective with a tight inflation target of the central
bank of π = 0.0077, one gets the hierarchy of events shown in Figure 5. In situa-
tion 1, where there is no nonlinearity in the WPC, we still have the convergent result
of Figure 2 (a positive real wage shock of 4 percent is here applied), though indeed
the inflation target is now somewhat below the floor of wage inflation. In situation 2,
we have that the floor f = 0.01 applies globally and get again economic breakdown

Figure 5. Convergent unrestricted dynamics and the role of piecewise nonlinear WPC’s (π =
0.0077)
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due to the adverse working of the Rose real wage effect. In situation 3 where wage
flexibility becomes established again with the same parameter value βwe (already be-
low employment rates e = 0.99) we get an intermediate situation in which the rate of
employment stays below 0.99, the rate of capacity utilization converges approximately
to the value 0.95, and where there is ongoing deflation at the rate of −0.01. The real
wage however stays 2 percent above its original steady state value and the nominal rate
of interest remains positive, but is close to zero. The long-run of the model therefore
departs significantly from the steady state values of the unrestricted dynamics with its
linear WPC. From this example we therefore obtain the result that the three-regime
WPC is better than the one with a global floor to money wage inflation, but the com-
pletely unrestricted model with its linear WPC still provides the best outcome after a
contractionary real wage shock has hit the economy in these three scenarios.

The example just discussed applies to the situation where the adjustment of the
inflationary climate is still sufficiently sluggish to guarantee the stability properties
shown in Figure 1. The results obtained thus characterize an economy that exhibits
strong convergence back to the originally given steady state if not restricted by behav-
ioral nonlinearities of the discussed type. Let us next investigate a situation where the
economy is destabilized by a change in the speed of adjustment of the inflationary cli-
mate that is surrounding it. We now assume in the place of the value, 0.15, the value,
1.52, for the parameter βπc in the considered situation. The result, in terms of capacity
utilization, is shown in Figure 6 by the cyclical time series with symmetrically and

the unrestricted dynamics
for

adding a global floor for
wage deflation; f = -0.005

return to wage flexibility
already below e = 0.98

Figure 6. The role of regime changes in wage inflation dynamics
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rapidly increasing amplitudes of the cycle.
Figure 6 therefore shows in the completely unrestricted case a time series for the

rate of capacity utilization that will sooner or later lead to economic collapse if there is
no change in the behavior of the economy. Adding now a global floor of f =−0.005 to
the dynamics in the WPC component does not improve this situation, but leads again
to monotonic economic breakdown instead. However if we allow for a third regime as
described in Figure 4 on its left hand side, we then get evolutions of the state variables
of the model that remain bounded to an economically meaningful domain. In addition,
these dynamics are now of a mathematically complex type (but only somewhat irregu-
lar from the economic point of view) as is shown in Chen et al. (2006) who investigate
the stable trajectory shown in Figure 6 in more detail.

With the assumed change in the adjustment speed of the inflationary climate ex-
pression the economy is therefore no longer viable in the long run (but cyclically ex-
plosive) and it becomes even less viable if a global floor f =−0.005 is introduced into
the estimated WPC as shown in Figure 5. Yet assuming a three-regime WPC as dis-
cussed in connection with Figure 4 overcomes not only this latter monotonic downturn,
but also the explosive fluctuations of the unrestricted case. Some downward flexibility
of money wages in a certain midrange interval, giving way again to downward flexi-
bility of money wages (at two percent rate of unemployment) provides viability to the
evolution of the trajectories of the dynamics as indicated in Figure 6, here over a 50
year horizon.

6. Wage-led economies, increasing adjustment speeds and the emergence of com-
plex dynamics

In this section we provide some further simulations of the general model with admis-
sible, but no longer estimated parameter values in order to also consider in particular
a situation where the Rose effect works in the opposite way, i.e., where aggregate de-
mand and the adjustment of the rate of capacity utilization depend positively on the
real wage and where therefore wage flexibility with respect to demand pressure on
the labor market should be destabilizing. In such a situation a global floor to wage
inflation or deflation should therefore save the economy from economic breakdown,
since downwardly rigid money wages combined with downwardly (somewhat) flexi-
ble prices leads to an increase in real wages which in the present situation stimulates
economic activity and thus should lead the economy out of the depression. Yet, due
to the fact that the unrestricted economy is here strongly explosive, we find after each
recovery that explosive forces come into being each time in a somewhat modified man-
ner, until the economy falls back again into a depression with downward money wage
rigidity avoiding its further destabilization until a new recovery sets in.

The base parameter set underlying the simulations shown below is shown in Ta-
ble 1. Speeds of price and wage adjustment are somewhat higher, while the adjustment
speed of the inflationary climate is only 1/3 of the value used in the preceding section.
We have a positive real wage effect in the goods market dynamics (a wage-led regime
now) and have now also included a negative real wage effect in the law of motion of
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the rate of employment, which furthermore now depends on the level of the rate of
capacity utilization in addition to the growth rate of capacity utilization we have used
so far as the sole determinant of rate of employment changes. The rate of employ-
ment is thus no longer strictly positively correlated with the rate of capacity utilization
as was the case in our estimate of the model, which makes the critical α condition
considered in Section 3 more difficult to obtain though of course wage flexibility must
now be destabilizing). Finally, monetary policy is now more active with respect to
the state of the business cycle and we have a floor to wage deflation that is practically
zero. The result of this combination of parameter values will be, as is shown below,
that the nonlinear WPC of Figure 2, now with a global floor (e = 0)—-in fact the only
important nonlinearity in our 5D dynamical system—is capable of keeping the highly
explosive unrestricted dynamics within economically meaningful bounds. This result
is achieved in a way that makes the resulting attractors complex from the mathematical
perspective, though not too irregular from the economic perspective.

Table 1. Baseline parameters set for the wage-led economy simulations

βpu = 1 βpω = 0.4 κp = 0.3 βwe = 0.8 βwω = 0.4 κw = 0.7 βπc = 0.5
αuu = 0.22 αuω =−0.1 αur = 0.25 βeu = 0.15 βeû = 0.5 βeω = 0.5
γrr = 0.1 γrp = 0.5 γru = 1 f =−0.0001 e = 0 ωshock = 1.01

We illustrate the complex dynamics that are generated by this specific parameter
set at first by showing in Figure 7 projections of its now 5D format (since the rate
of employment is now moving independently from the rate of capacity utilization to
some extent) into 2D subplanes of the full 5D phase space. We see top left in Fi-
gure 7 the partial phase plot of the real wage against the rate of employment with a
by and large clockwise orientation and phase length corresponding to what is known
on the Goodwin (1967) 2D growth cycle model and its empirical analogue. In periods
of high employment however this clockwise movement of these two state variables
gives way to some local and fast fluctuations which represent the explosive part of the
dynamics. Below this figure we see the projection of the attractor into the rate of em-
ployment/inflation climate subspace where we would expect—due to what is known
from unemployment—inflation phase plots (and their clockwise orientation)—a coun-
terclockwise orientation which is not clearly visible there. This orientation is however
typical for the projection of the attractor top right, there for a capacity utilization rate
and inflation climate subspace projection. We see there too, that when recovery sets
in, the dynamics are squeezed through a small corridor or eye of a needle followed by
a small stagflation cycle, which is then followed by a large cycle until the economy
is squeezed back into the small corridor for its next upswing phase. The time series
bottom-right adds to this the information that the sequence of business fluctuations
generated by the present parameter set is irregular and regular at one and the same
time, irregular from the mathematical point of view in its amplitudes and regular from
the economic point of view due to the repetitive behavior in the succession of small
and large cycle patterns.
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Figure 7. Projections and a time series representation of the attractor of the dynamics of the
wage-led economy

In Figure 8 we present some bifurcation diagrams around the set of parameter val-
ues of this section showing the plots of local maxima and minima (in the vertical di-
rection) plotted against one typical parameter on the horizontal axis. The figures show
broad bands where these minima and maxima are (fairly) dense and at the end of the
shown parameter ranges, or in between, limit cycle behavior which to some extent
exhibits situations of period doubling routes to complex dynamics. Top left we have
plotted the rate of capacity utilization against the parameter αuω which determines the
strength of the impact of real wages on goods market evolution. Top right the capacity
utilization rate is plotted against the policy parameter γru which determines the strength
of the reaction of the Central Bank to the activity level of the economy (a parameter
that is normally not so much at the centre of interest, as is the one in front of the in-
flation gap). We can see there that positive values of −αuω (profit-led regimes) and
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Figure 8. Bifurcation diagrams for selected adjustment speeds and behavioral coefficients of the
dynamics of the wage-led economy

low γru create viability problems for the considered economy. Note that we measure
the positive effect of real wages on the growth rate of capacity utilization by means of
negative numbers, since the negative effect was measured by a positive number in our
estimates. Due to the working of the global floor on money wage deflation we have
a fairly stable corridor within which the rate of capacity utilization is fluctuating for
a large domain of αuω values, which is not true in a similar way for variations in the
policy parameter γru. In the latter case the complex dynamics can even be made to dis-
appear as outcome if the parameter γru is increased a little bit beyond 1, the parameter
value we used to generate Figure 7 and its complex dynamics. There are also windows
in the case of the parameter αuω which however disappear again if the parameter is set
to even larger values.

Bottom left in Figure 8 we see (for βpu = 0.8 in the place of βpu = 1) the local
maxima and minima of real wages plotted against the speed of adjustment of money
wages with respect to demand pressure in the market for labor. We have again a fairly
stable corridor (enclosed by the interval (0.9,1.1) within which the real wage is moving
when the parameter is increased from close to zero up to eight. We have complex
dynamics at the point which corresponds to the above parameter set with increases in
maximum amplitudes thereafter, but with a sudden return to limit cycle behavior at
approximately βwe = 2.6. Fluctuations thereafter even become less pronounced until
there is again a period doubling sequence back to complex dynamics. There is therefore
no global property that the considered wage adjustment speed is stabilizing in the sense
of eigenvalue analysis as one would expect it from the partial reasoning concerning the
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real-wage channel in a wage-led regime. Bottom-right finally we show the fluctuations
in the nominal rate of interest (their local maxima and minima) plotted against the
speed of adjustment of price inflation with respect to demand pressure in the market
for goods. The system bifurcates systematically into complex dynamics as this speed of
adjustment is increased, yet it is still kept viable over a range 0.95–1.2 approximately.

To summarize we therefore have found that increasing wage and price flexibility
does not appear to be good for economic stability, even if tamed by a rigid floor to
money wage declines, while the role of income distribution in the determination of
goods market dynamics appears to be similar over wide ranges of the parameter αuω ,
though interrupted by phases of less complex dynamics (limit cycle behavior) and with
tendencies towards instability if the economy switches from a wage-led regime to a
profit-led one (where the impact of real wages on the growth rate of capacity utilization
becomes a negative one). Finally, monetary policy that gives more and more weight to
the state of the business cycle (as measured by u) becomes more and more stabilizing
in the considered situation. It is obvious from these numerical simulations that the
assumed kink in the WPC is of great importance for the behavior of the considered
economy, since it makes an unstable wage-led regime a viable one and shapes the
overall evolution of the economy in a way that cannot be discussed in terms of local
stability analysis as in the New Keynesian model with which we have contrasted our
DAS-DAD model in various sections of the paper.

7. Conclusions

We conclude that higher dimensional models can generate interesting patterns of busi-
ness fluctuations (even for parameter ranges that correspond to empirically observed
parameter sizes), and this in continuous time, where overly strong convergence proper-
ties do not give rise to overadjustment and instability as in discrete time systems. The
complex dynamics in the model of this paper were not the outcome of such destabi-
lizing overshooting and/or implausible and artificial nonlinearities as is often the case
in much literature on chaotic dynamics. It was instead the plausible by-product of the
combination of, by and large conventional (though not very often considered), higher
dimensional Keynesian D(isequilibrium)AS-D(is-equilibrium)AD analysis with an im-
portant factual institutional nonlinearity, here stylized in the form of a kinked money
wage Phillips curve (with one or even two kinks). In the present paper, this latter
outcome was primarily shown for a situation where the goods market was wage-led,
whereas Chen et al. (2006) investigated the same issue for the profit-led case, again in
the case of a double-kinked WPC as estimated in Filardo (1998).

Compared to the outcomes found from the analysis of our model, the New Keyne-
sian approach in its pure, microfounded form faces some significant difficulties. On
the one hand, it is at odds with the facts even in its baseline form, see Mankiw (2001),
since its type of forward-looking behavior leads to decelerationist PC’s in the place of
accelerationist ones. On the other hand, it must provide in the case of staggered wage
and price setting complete instability of steady state solutions in order to allow for an
appropriate application of the rational expectations (jump variable) methodology upon
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which it is heavily reliant. This type of instability is however not easily established,
since a conventional type of Taylor rule is no longer sufficient to guarantee such an
outcome, even when made as active as is sensibly possible.
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